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Abstract
Detailed sensitivity numerical studies have shown that the mesh cell-size may have a drastic effect on the modelling of circulating
fluidized bed. Typically the cell-size must be of the order of few particle diameters to predict accurately the dynamical behaviour of a
fluidized bed. Then the Euler-Euler numerical simulations of industrial processes are generally performed with grids too coarse to allow
the prediction of the local segregation effects. A filtered approach is developed where the unknown terms, called sub-grid contributions,
have to be modelled. Highly resolved simulations are used to develop the model. They consist of Euler-Euler simulations with grid
refinement up to reach a mesh independent solution. Then spatial filters can be applied in order to measure each sub-grid contribution
appearing in the theoretical filtered approach. Such kind of numerical simulation is very expensive and is restricted to very simple
configurations. In the present study, highly resolved simulations are performed to investigate the sub-grid contributions in case of a
binary particle mixture in a periodic circulating gas-solid fluidized bed. A budget analysis is carried out in order to understand and
model the effect of sub-grid contribution on the hydrodynamic of polydisperse gas-solid circulating fluidized bed.
Keywords: gas-solid flow, circulating fluidized bed, polydisperse mixture, filtered approach, subgrid drag force, particle-particle colli-
sion
1. Introduction
Gas-solid reacting circulating fluidized beds are used in
many industrial processes such as fluid catalytic cracking (FCC)
in petroleum refineries or fossil combustion in power plants.
Modelling of gas-particle flows, using the Two-Fluid Model
(TFM) approach closed by the Kinetic Theory of Granular Flows
(KTGF) is well established [3, 5, 11]. However, for A-type par-
ticles, according to Geldart’s classification, the numerical sim-
ulations with coarse grids fail to predict the behaviour of the
solid phase due to the inaccurate prediction of the solid clus-
ters [2, 13, 14]. For instance, Parmentier et al. [14] shows that
neglecting the small structures in dense fluidized bed simulation
leads to an overestimation of the bed height. According to Ozel
et al. [13] and Andreux et al. [1] the insufficient mesh refinement
leads to underestimate the vertical solid mixing and residence
time in circulating fluidized bed. In addition, in bi-solid circu-
lating fluidized bed, Batrak et al. [3] show that the "coarse mesh"
simulation leads to underestimate the momentum coupling be-
tween particle species with large density ratio and, consequently,
the entrainment rate of the coarse particles by the small ones.
The modelling strategy consists in splitting the local instanta-
neous variables in resolved and subgrid contributions. The corre-
sponding governing equations are obtained by filtering the parti-
cle kinetic moment transport equations leading to unknown sub-
grid terms which need to be modelled in terms of the computed
resolved variables. The first step is the budget analysis of the fil-
tered transport equation and the evaluation of the resolved and
subgrid contributions of each terms. This step highlights which
term(s) need(s) to be modelled, leading to the subgrid modelling
step to account accurately for the effect of the small scale struc-
tures in the filtered equations. For monodisperse simulations, the
drag force is overestimated by the resolved contribution and may
lead to wrong predictions of the global hydrodynamic behaviour
[15]. Several sub-grid models have been proposed by Ozel et al.
[13], Parmentier et al. [15] to take into account the effect of the
unpredicted solid cluster on filtered fluid-particle drag force mod-
elling. For polydisperse simulations, the particle-particle mo-
mentum exchange has also to be studied. Holloway [6] focus on
the need for sub-grid scale models for coarse-grid simulation of a
binary gas-particle flow. The filtering of highly resolved simula-
tion of bidisperse gas-particle flows shows that filtered constitu-
tive relations also need to be developed for polydisperse systems
to settle the difference between coarse grid and fine grid simula-
tions. Ozel et al. [13] focus on the filtered momentum equation
balance analysis in a bisolid fluidized bed, showing that subrid-
models are needed for both the fluid-particle and particle-particle
mean momentum transfer terms.
This article focus on the analysis of highly resolved simulations
of bidisperse flow in a 3D periodic circulating fluidized bed. The
resolved and unresolved contributions are compared for all the
terms of the momentum and the kinetic agitation equations.
2. Mathematical modelling approach
The modelling approach is based on the Euler-Euler model,
in which phases are treated as continuous interpenetrated media.
The mass, the momentum and the energy Eulerian transport equa-
tions are solved for each phase and coupled by interphase transfer
terms. The mass transport equation writes:
∂
∂t
αkρk +
∂
∂xj
ρkαkUk,j = 0. (1)
with ρk the density of the kth phase and Uk,j the j th component
of the velocity.
The momentum transport equation writes:
αkρk
[
∂Uk,i
∂t
+ Uk,j
∂Uk,i
∂xj
]
= − αk
∂Pg
∂xi
+ αkρkgi
+
∑
k′=g,p
Ik′→k,i (2)
−
∂Σk,ij
∂xj
+ αkFs,i
In the equation 2, the first and second term on the right-hand-side
are the pressure gradient, with Pg mean gas pressure, and the
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gravity contributions with, gi the ith component of the gravity,
respectively. The third term on the right-hand-side represents the
momentum transfer (without the mean gas pressure contribution).
This term takes into account two mechanisms: the friction of the
fluid on particles (gas ↔ particles transfer) and the exchange of
momentum by collisions (particles ↔ particles transfer). The ef-
fective stress tensor has two components
Σk,ij = αkρk〈u
′
k,iu
′
k,j〉p +Θk,ij (3)
where 〈u′k,iu′k,j〉p are the Reynolds stress tensor (u′k,i is the
phase velocity fluctuation) and Θk,ij is the viscous stress tensor
for the gas and the collisional stress tensor for particles. The term
Fs,i is a constant in the whole domain (as hereinafter defined).
Hence, this term will not appear in the transport equation of the
kinetic agitation q2p and is independent of the filter width.
2.1. Gas-particle momentum transfer
The momentum transfer between gas and particles is done
taking into account only the drag and Archimedes’ pressure gra-
dient force. Then, the fluid-particle transfer term in (2) is written:
Ig→p,i = −
αpρp
τFfp
(Up,i − Ug,i) (4)
The term satisfies Ig→p,i = −Ip→g,i. The particle relaxation
timescale τFfp is written as a function of the drag coefficient:
1
τFfp
=
3
4
ρp
ρg
〈|vr|〉p
dp
Cd (5)
The drag coefficient is calculated using the Wen and Yu corre-
lation [17]. As Simonin et al. [16] show that the this model
provides results close to the bidisperse LBM data and drag force
correlations from the literature,
Cd =
24
Rep
[1 + 0.15Re0.687p ]α
−1.7
g (6)
The particle Reynolds number is written as Rep = αgρg〈|vr|〉dpµg .
2.2. Particle-particle momentum transfer
According to Gourdel et al. [4], the particle-particle momen-
tum transfer term is written,
Ip→q,i =
mpmq
mp +mq
1 + epq
2
np
τ cpq
H1(z) (Up,i − Uq,i) (7)
where mp and mq are the masses of particles p and q, epq the
normal restitution coefficient of p− q collision, τ cpq is character-
istic time scale between two collisions of any p-particle with the
q-particles and writes,
1
τ cpq
= g0nqπd
2
pqgr (8)
with dpq the distance between particle centers when the collision
takes place dpq = (dp + dq)/2 and gr the mean relative velocity
of impact of particles of different types, written as:
gr =
√
16
π
2
3
qr + Vpq,iVpq,i (9)
Vpq,i the relative velocity between particles is written: Vpq,i =
Up,i − Uq,i. qr is the mean relative agitation of particles qr =
1
2
(q2p + q
2
q) and g0 the radial pair distribution function is calcu-
lated using [8],
g0 =
[
1−
αs
αmax
]−2.5αmax
if αs < α∗max (10)
with αs the whole solid volume fraction.
H1(z) is a function dealing with the change from a regime of
collision controlled by the slip between particles to a regime con-
trolled by the relative agitation which is approximated by [3],
H1(z) =
8 + 3z
6 + 3z
(11)
For z → 0 the inter-species collisions are driven by the relative
agitation. For z → +∞ the collisions are controlled by the mean
particle-particle relative velocity.
z =
VpqVpq
8
3
qr
(12)
2.3. Particle random kinetic energy modelling
The solid agitation is calculated using q2p transport equation
and viscosity model assumption developed in the frame of kinetic
theory of polydisperse particle mixture accounting for the mean
and fluctuant drag force effects [3, 11]:
αpρp
[
∂q2p
∂t
+ Up,j
∂q2p
∂xj
]
=
∂
∂xj
[
αpρp (Kp,kin +Kp,coll)
∂q2p
∂xj
]
+Πp + ǫfp
+
∑
q
ǫpq +
∑
q
χpq (13)
In the Eqn.(13) the first term on the right-hand-side represents
the kinetic diffusivity, the second term the energy production by
velocity gradient,
Πp = −Σp,ij
∂Up,i
∂xj
(14)
The third term is the transfer of kinetic energy between gas and
particle. It takes into account friction of the solid phase with the
gas phase which is assumed to be laminar,
ǫfp = −
αpρp
τFgp
2q2p (15)
The fourth term is the loss of energy due to inelastic collisions
which is written:
ǫpq = −mp
(
2mq
mp +mq
)2 1− e2pq
4
np
τ cpq
2
3
(q2p + q
2
q) (16)
The last term is the transfer of kinetic energy between species and
production by slip velocity between particles.
χpq = Ppq + Tpq (17)
Ppq =
mpm
2
q
mp +mq
2
1 + epq
4
np
τ cpq
|Up −Uq|
2H1(z) (18)
Tpq = −
mpmq
mp +mq
1 + epq
2
np
τ cpq
[
8
3
mpq
2
p −mqq
2
q
mp +mq
]
(19)
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3. Numerical simulation overview
Using the equations written below, several simulations of
polydisperse and reactive flows were already conducted [7, 4].
Ozel et al. [12] highlighted effects of small structures on polydis-
perse simulations. In this study, gas-particles flows are simulated
in a 3D periodical Circulating Fluidized Bed (CFB). The geome-
try, used previously by Ozel et al. [13], has a squared-section of
0.0275 m and a length of 0.22 m and is shown by Fig. 1.
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Figure 1: Sketch of the computational domain
Agrawal et al. [2] studied three different boundary conditions
for the solid phase: free-slip, partial-slip (definition of a particle-
wall restitution coefficient is needed) and no-slip. Meso-scale
structures were observed in the three cases. In the case studied,
the boundary conditions imposed at walls are no-slip for the gas
and free-slip for the solid phase. Three meshes have been studied
and the most refined mesh with a mesh size equal to 2.9 · 10−3
m (about 7.1 · 106 mesh-cells) will be used for the budget anal-
ysis. For the case studied in the paper, the velocity fields are set
initially to zero for all phases. The movement of the fluid is op-
posite to the gravity due to the pressure gradient imposed. The
gas pressure is defined in a similar way than Agrawal et al. [2].
To ensure the periodicity of the simulation, it is necessary to
maintain momentum in the whole domain at each time step. Con-
sidering the periodicity and the independence of Fs,i from the
filter width, the integration of the momentum equation 2 over the
whole domain V is written as:
D〈αkρkWk〉
Dt
= 〈αkρkgz〉+
∑
k′
〈Ik′→k〉+ 〈αk〉Fs,z (20)
where 〈.〉 is the domain-average operator. The sum of the Eqn.
(20) for each phase gives the total momentum in the domain.
DM
Dt
=
∑
k
mkgz + Fs,z (21)
with M is defined by
∑
〈αkρkWk〉 and mk the total the total
mass of phase k divided by the computational domain volume,
independent of the time. One can write the equation in a discrete
form with n is the actual time-step and n + 1 is the next time-
step. We assume that this correction fulfils the flow condition
where the total momentum at the next step, Mn+1, is equal to
M0. Then, the source term is
Fs,z = −
Mn −M0
∆t
−
∑
k
mkgz (22)
For the case studied the materials properties are given in the Tab.
1:
Table 1: Particles and gas properties.
Prop. Gas Particle p Particle q
ρ [kg/m3] 1.186 1500 1500
µ [Pa · s] 1.8 · 10−5 - -
dp [µm] - 75 150
ec [−] - 0.9 0.9
αp,ini [m
3/m3] 0.90 0.05 0.05
Three dimensional numerical simulations of fluidized bed
have been carried out using an Eulerian n-fluid modeling ap-
proach for gas-solid turbulent polydisperse flows developed and
implemented by IMFT(Institut de Mécanique des Fluides de
Toulouse. NEPTUNE_CFD is a multiphase flow software de-
veloped in the framework of the NEPTUNE project, financially
supported by CEA (Commissariat à l’Energie Atomique), EDF
(Electricité de France), IRSN (Institut de Radioprotection et de
Sureté Nucléaire) and AREVA_NP. The numerical solver has
been developed for High Performance Computing[9, 10].
4. Budget analysis of the filtered particulate momentum
equation
Mesh independent results are used for the budget analysis of
the filtered particle momentum and agitation equations. The aim
of the analysis is to examine the contribution of sub-grid terms
obtained after filtering equations. Different filter widths ∆ have
been applied to the results.The spatial filter applied is defined as:
G(x− r) =
{
1
∆3
max(xi − ri) ≤
∆
2
0 otherwise (23)
where G is a weight function which satisfies
∫ ∫ ∫
G(r)dr = 1.
The filtered phase volume fraction is defined as,
α˜k(x, t) =
∫ ∫ ∫
αk(r, t)G(x− r)dr (24)
Filtered phase velocities are defined according to,
U˜p(x, t) =
1
α˜p
∫ ∫ ∫
G(x− r)αp(r, t)Up(r, t)dr (25)
To obtain filtered values, especially solid volume fractions, in-
dependent of the filters widths, the domain studied is restricted
to the interior of the periodic box and the regions near the walls
are not taken into account, the distance between the wall and the
domain taken studied is equal to δ = 0.1L.
4.1. Particle momentum filtered transport equation
The filter is applied to the momentum equation (Eqn. (2))
and the filtered terms are decomposed into resolved and sub-grid
terms. Additional terms arise in Eqn. (26) due to the filtering, the
sub-grid contributions, noted fsgs. After filtering and averaging
each term over space and time, the momentum equation becomes:
〈α˜pρpU˜k,j
∂U˜k,i
∂xj
〉 =− 〈α˜p
∂P˜g
∂xi
〉 − 〈ϕsgsp,i 〉+ 〈α˜pρpgi〉
+ 〈
∑
k′=g,p
Ires.
k′→p,i〉+ 〈
∑
k′=g,p
Isgs
k′→p,i〉
− 〈
∂
∂xj
Σresp,ij〉 − 〈
∂
∂xj
Σsgsp,ij〉
− 〈
∂
∂xj
ρpα˜pσ
sgs
p,ij〉
(26)
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The temporal averaged is represented by f and is done on 3.5s.
fsgs is defined as the difference between filtered and resolved
contributions.A term calculated by using filtered values corre-
sponds to a resolved contribution noted with the subscript fres.
For instance, ϕsgsk,i represents the sub-grid contribution of the cor-
relation between fluctuations of the volume fractions of phases
and gas pressure:
ϕsgsp,i = αp
∂Pg
∂xi
∼
− α˜p
∂P˜g
∂xi
. (27)
The subgrid contributions of the particle kinetic stress, Σsgsp,ij ,
the gas-particle momentum transfer, Isgsg→p,i, and particle-particle
momentum transfer, Isgsq→p,i, are calculated similarly. The re-
solved gas-particle momentum transfer, particle-particle momen-
tum transfer, pressure gradient contributions normalized by the
gravity term are presented by Fig. 2 and 3 for small and large
particles. For the small particles the main contribution is the
drag force and for the large particles, it is the inter-particle mo-
mentum transfer. For both classes of particles, the resolved and
sub-grid contributions can be neglected for the pressure gradi-
ent. Furthermore, the sub-grid gas-particle momentum transfer
increases with the filter width, in agreement with the work of
Ozel et al. [12]. The filtered gas-momentum transfer is over-
estimated by the resolved contribution and the subgrid contribu-
tion must be accounted for to correct this effect. The trend is
similar for the particle-particle momentum transfer with an over-
estimation of the inter-species momentum transfer effect by the
resolved contributions. So this effect should be accounted for by
modelling the subgrid contribution. Therefore, this result may
look in contradiction with coarse mesh simulation of bi-disperse
gas-solid fluidized beds [3] where the inter-particle momentum
transfer effects are underestimated. The probable explanation of
this contradictory result is that the resolved collision frequency,
and the corresponding momentum transfer, are underestimated
due to a drastic underestimation of the resolved random particle
kinetic energy in coarse mesh simulations. Then it is crucial to
analyse the corresponding filtered equation to identify the miss-
ing contribution which should be accounted for to have a better
prediction of the random particle kinetic energy. As for the pres-
sure gradient, the sub-grid contributions of the kinetic stress and
of the particle phase velocity fluctuations are negligible for both
classes of particles.
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Figure 2: Resolved and sub-grid contributions in the particle mo-
mentum filtered transport equation for dp = 75µm for various
filter widths ∆ (normalized by α˜pρpgz)
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Figure 3: Resolved and sub-grid contributions in the particle mo-
mentum filtered transport equation for dp = 150µm for various
filter widths ∆ (normalized by α˜qρqgz)
4.2. Particle random kinetic energy filtered transport equation
The filtering process is applied to the random kinetic energy
equation (13) to separate the resolved and the subgrid contribu-
tions. The filtered energy balance can be written as:
〈α˜pρpU˜k,j
∂q˜2p
∂xj
〉 =〈
∂
∂xj
[
α˜pρp
(
Kresp,kin +K
res
p,col
) ∂q˜2p
∂xj
]
〉
+ 〈
∂
∂xj
Dsgsj 〉 − 〈Π
res
p 〉 − 〈Π
sgs
p 〉
− 〈ǫresfp 〉 − 〈ǫ
sgs
fp 〉
+ 〈
∑
q
ǫrespq 〉+ 〈
∑
q
ǫsgspq 〉
+ 〈
∑
q
P respq 〉+ 〈
∑
q
P sgspq 〉
+ 〈
∑
q
T resp 〉+ 〈
∑
q
T sgsp 〉
− 〈
∂
∂xj
αpρpQ
sgs
j 〉
(28)
-1
-0.5
 0
 0.5
 1
 0  2  4  6  8  10
Co
m
pu
te
d 
an
d 
SG
S 
te
rm
s
∆/∆ref
Resolved Πp
SGS Πp
Resolved εpg 
SGS εpg
Resolved coll.
SGS coll.
Figure 4: Resolved and sub-grid contributions in the random par-
ticle kinetic energy filtered transport equation for dp = 75µm
for various filter widths ∆ (normalized by α˜pρpV 2p,St/τp,St)
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Figure 5: Resolved and sub-grid contributions in the random par-
ticle kinetic energy filtered transport equation for dp = 150µm
for various filter widths ∆ (normalized by α˜qρqV 2q,St/τq,St)
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Figure 6: Resolved and sub-grid collision term contributions
in the random particle kinetic energy filtered transport equation
for dp = 75µm for various filter widths ∆ (normalized by
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Figure 7: Resolved and sub-grid collision term contributions
in the random particle kinetic energy filtered transport equation
for dp = 150µm for various filter widths ∆ (normalized by
α˜qρqV
2
q,St/τq,St)
The mean velocity and diffusive transport and the sub-grid
particle kinetic energy flux are negligible compared to the oth-
ers contributions and the study will focus on others contributions.
Figures 4 and 5 show the production by gradient, the dissipation
by friction with the gas phase, the sum of all the contributions
linked to collisions, the kinetic diffusivity according to the filter
size. Figures 6 and 7 show the dissipation by inelastic collision,
the production by relative velocity, the transfer by collisions as
functions of the filter width. For the small particles, Figure 4
shows that the production by the mean velocity gradient is mostly
in equilibrium with the dissipation by the fluid-particle drag and,
secondarily, by inter-particle collision effects. The resolved pro-
duction underestimates the filtered ones and should be completed
by a subgrid contribution which increases with the filtered width.
In contrast, the resolved collision term underestimates the filtered
one while the subrid contribution to the dissipation by drag is
negligible. Figure 6 shows the separate contributions of the colli-
sion terms with ǫpq , the inelastic dissipation, Ppq , the production
by the mean relative particle motion, and Tp, the kinetic energy
transfer between particle species. We can notice that the resolved
kinetic energy transfer between particle species and the inelas-
tic dissipation rate are nearly independent of the mesh size im-
plying that the subgrid contributions are negligible. In contrast,
the filtered production by the mean relative velocity between par-
ticle species is overestimated by the resolved one and the sub-
grid effect must be accounted for in the filtered modelling ap-
proach. Figure 5 shows that the budget of the coarse particle
(dp = 150µm) random filtered random kinetic energy equation
is dominated by the equilibrium between mean velocity produc-
tion and dissipation by the collision effect, while the drag dis-
sipation effect looks nearly negligible. The resolved production
is also decreasing with the filter width and the collision effect is
overestimated by the resolved contribution. Figure 7 shows the
separate contributions of the filtered collision term which con-
firms that the subgrid effect is measurable mostly for the pro-
duction term due to the mean relative velocity between particle
species.
5. Conclusion
Meso-scale structures are formed in the circulating fluidized
bed and they can be resolved in the frame of Euler-Euler ap-
proach, based on kinetic theory of polydisperse granular flows, on
high resolution computational grid. However, simulations with
coarse meshes cannot account for these structures accurately and
this may lead to very poor predictions of bed hydrodynamics for
very small particle to mesh size ratio. For mono-dispersed gas-
solid flow, Ozel et al. [13], and Parmentier et al. [14] analyse
the effect of the small structures on the simulations for circulat-
ing fluidized bed and dense fluidised beds, respectively. In this
study, we have investigated effects of unresolved structures on
resolved field for gas-solid bidisperse flow. We first obtained
mesh-independent results of gas-solid in a 3D periodic circulat-
ing fluidized bed. A filtering procedure was performed on par-
ticulate momentum and kinetic agitation equations. Additional
resolved and subgrid terms appearing with the filtering procedure
are investigated by budget analysis in order to identify the main
sub-grid contributions. The analysis of the filtered momentum
equation shows that the resolved fluid-particle drag and particle-
particle collision are overestimating the momentum transfer ef-
fects and must be corrected by subgrid modelled contributions.
The analysis of the budget of the filtered random kinetic energy
shows that the resolved production by the mean shear and by the
mean particle relative motion are overestimating the filtered ones.
So new subgrid models have to be developed for these two terms
while the subgrid contributions due to drag force or inelastic col-
lision dissipations and to inter-particle redistribution are negligi-
ble.
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